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Complex numbers have important applications in many fields of engineering,
particularly electrical engineering. Paralleling the case of real numbers, there
is an algebra of complex numbers, and also a calculus. This programmed text is
an introduction 15 the former, being designed for a person who is well experienced

with the algebra of real numbers, and calculus to the extent of differentiation of

Lty N i of
3

ex, but who has no experience with complex number algebra. However, it will also

be useful as a review, and will provide an extension of skills, for a person who

has had a slight introduction to complex numbers in a course in high school

MLESIY

"advanced algebra™, or the equivalent.
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4 From algebra, it is recognized that the equation
x2 =1
: has x =+ 1 and x = ~ 1 as its solutions. The corresponding equation
x2 = -1
{ has no solutions in the realm of real numbers. However , since this equation
: does ocecur , it is convenient, in effect, to invent a solution. This means that
a suitable symbol must be invented, and an interpretation provided. Accordingly,
' we write ,
| : :
: X=J and x = -~ j
s as the solutions, and then recognize that the symbol j has the property
2
- =
T
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In electrical literature
it is customary to use j, rather
than the universally used i of
mathematics literature. This
is done because i has become so
well established as the,symbol

of electric current.
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Due to an unfortunate historical accident, j is called the imaginary unit
(another name would have been better), and numbers like 2j (or j2) 3j, etc. are
called imaginary numbers. Imaginary numbers are imaginary only in the sense
that they cannot be combined in the ordinary wsy with real numbers. Now, using

the idea of the imaginary unit (j), the solutions of
x =-9
W= -6

y = - 100
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Now consider the function of x

f(x) = x° - hx + 13
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which is plotted in Fig. 1. Observe that the graph does not cross the horizontal

axis (i.e., the function never becomes zero). Thus, there are no real values of x

for which

x2 -bx +13 =0

In other words, the equation has no real solutions.

in modified form by ™completing the square", as
x° - bx +4 = -9

or

Now let us write the equation j

T
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Thus, if

x -2=4 35
it will satisfy the equation (x-2)2 = - 9. However, we want values of x (not x - 2) 2
that will satisfy x2 - bhx + 13 = 0. It would seem that :
X=2+J33 and x=2 - j3
are these values. However, a combination like 2 + j3 is a new entity. How shall
we deal with it in substituting it for x in x° - bx + 137 That is, what are
(2 + 33)° and -k(2 + j3)2

This is a matter for definition. We define addition and multiplication of

these quantities to be the same as for binomials of real numbers. For example,

4(a + b) = 4a + bb, and (a + b)2 = a% + 2ab + b°. Thus, by definition,

b(2+ 53) =

(2 + 33)° =

SRy N e
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Answer:
-h(2+53) = -8-j12

(2433)° = Utjl2-9 = -5+312

Thus,

iV

(2+53)°-4(2+33)413 = -5+§12-8-312413 = 0
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In a similar way, check that
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is also a solution of x2 - bkx + 13 =0. In doing so, you get

(2 - §3) =

(2 - 33)° =

T RS e

Therefore, X - bx + 13 =
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It was pointed out earlier that numbers like j3, 2j, etc. are called imaginary :
numbers, and that j is the imaginary unit. In the case of real numbers, there is a
corresponding unit which, however, we do not write. To make the point, fill in the
barentheses below with what you believe to be the ™real unit™ symbol to represent

what is usually written merely as 2.

2=( )2




Answer:

3P AR, L RV A

2 = (i)e

Paty

Thus 2 + j3 is really

(L)2 + (3)3

meaning 2 units of real number and 3 units of

imaginary number.
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Continuing to use the example 2 + j3 = (1)2 + (j)3, the multiplier of (1) is
called the real part, and the multiplier. of (j) the imaginary part. (NOtétfhét

the ™imaginary part™ is a real number.)
What are the real and imaginary parts of

Number Real part Imaginary part
2 - 33

j(2 + §3)

.2
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Ansver:
: Number Real Part Imaginary Part
1 2-33 2 -3

3 j(2+33) -3
i 1

ROIa O e KT

‘"’Hl‘:

If you got any of these wrong, g0 to page 15.
If you got them all correct, go to page 17.
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If you said 3 is the imaginary part of 2 - j3, note that 2 - j3 =2 + 3(-3).
Hence, (-3) is the imaginary part. , '
If you got the second example wrong, you might have neglected to observe that

j(2 + §3) = -3 + 2
Now find the real and imaginary parts of

5
g 2
J+J

1+ 3)°

-
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Answer:
Real Imag.
3 .2 .
0, 1 ; 47 = (%) = -
-
-1, 15 3t =-1+3
0, 2; (14j)° =1 +2j+35°=1 -1+ jo = jo

If you got any of these wrong, seek help, or at
least be sure you understand your error and are certain
you will not make the same mistake again. Then proceed

with page 17.
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You are now beginning to accept the notion of a pair of numbers (a real
number and an imsginary number) being a single entity; a complex number. It
is customary to use a single symbol to represent a complex number, like

=2 + j3, B=3+ j4, etc. In this text, a bar is placed above the symbol

A
to indicate that it represents a complex number. If a complex number A has
a

real part Al and an imaginary part A2’ write the number

A =

¥
X
33
g
A
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Answer:

A= Al+JA2

If you wrote A1+A2 , you forgot that A

is real; it is the multiplier Of j-

2
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5
5

The general form we have been using (K=Al + jA2) is said to be the rectangular

form. We have also said that algebraic manipulations are defined to be those that

%

follow from tresting A1 + jA2 as a binomial.

What do you get if you multiply the following, according to this rule?

(1+52)(2+§3) =

(1-32)(-2+33)

(-1+j2)(2+j3) =




| -
j’; 3

20 %

Answer:
(1+32)(2+§3) = -b+7
4 (1-52)(-2+33) = b+j7
3 (-1+j2)(2+53) = -8+

:

:
3
; 2
: 1
é
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) If we consider the literal case of two general complex numbers
what are the real and imaginary parts of AB?

Real part of AB =

Tmaginary part of AB
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Answer:

Real part = AlBl - A2B2

51 Imaginary part = A2B1 + AlBQ

§ That is, AB = (Al+JA2)(Bl+JB2) = (AlBl-AeBe) + J(A2B1+A1B2)
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Let us investigate whether this definition of multiplication is consistent

with the theory of polynomials which says that if Xy and X, are the two roots of

x2 + ax + b =0, then

2
x“ +ax +b=(x - xl)(x - x2)

Earlier, we found that x, = 2 + j3 and x, = 2 - j3 were the two complex roots

1 2
of the numerical example x2 bx + 13 = 0. Let us use the expression above on this

example, for which
(x - % )x - x5) =[x - (2+33)][x - (2 - 33)]

Expand the right-hand side to get coefficients a and b.

[ [, R LR S <




2l

Answer:
a = -l
b =13

To get this, write

[x-(2+53))[x-(2-33)] = x°-x(2-j3+2+33) + (2+33)(2-33)

5= it -32945(6-6) = xC-hix+13

Observe that this was the polynomial from which we
originally started.
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Division is defined as the inverse of multiplication. That is, if Al + jA2

is a symbol for the quotient

L 1+ g2
A1 * JA2 T2+ 33

we mean that
. n . _ .
(Al + JA2)(h + 33) =1+ j2
Finding the quotient consists of finding Al a,ndA2 such that the product on the
left yields 1 + j2. This is most easily done by multiplying both sides of the

equation by (2 - j3), because (2 + j3)(2 - j3) =4 + 9 =13, a real number. Thus,

we get

(Al + JAQ)(2 + §3)(2 - §j3) = (1 + j2)(2 - §3)
or

A, + JA =

2

1
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. Answer:
: o C e 8 1
; Bitihy =73+ J 13
An alternative sequence of steps is to multiply numerator and
7 denominator of the original fraction by (2-j3). Then, since
e (2+j3)(2-j3) = 13 is a real number, the desired quotient is ob-
tained in the rectangular form. Thus,
i o l+j2 (1+g2)(2-j3) 8+ _ 8 . . 1
| +iA, = S = p=d 2L -l o=y =
jr ATk 2+j>3 2+j3)(2-33) ~ 449 1379713
g This process is called rationalizing.
b ‘ ‘
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Division is an important algebraic manipulation. You had better try the
following examples:
_1
3+ih
2tje _
3 2-j2
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The number 2 - j3, used as the multiplier of 2 + j3 to obtain the real
number 13, is called the complex conjugate of 2 + j3. 1In general, given a complex

number B = Bl + jB2’ where Bl and B2 are real, the complex conjugate is

where the * symbol means the complex conjugate of B. The conjugate is useful

because

—"

BB
is always a real number (has zero imaginary part). Prove this by forming the
product

— %

BB =

s B i 5 " it e, i e~
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Answer:

. . 2. 2 2, .2
(Bl+JB2)(Bl-JB2)-—- B] + J(BeBl-BlB2) + B, = B, + 3

Bl and B2 are real, hence Bi + Bg is real.
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Let us summarize the rules of algebra, in literal form for the two complex

numbers 3
A + jA :

|
[

1 2

B = Bl + JB2 3

and the real number C. These are

QN
> |
Il

|
-
ool
[

&l
w
Il

e

(Write out the answers in rectangular form. )
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Answer:

Check your answers, carefully, for signs!

AB = A; B, -A B+ (A2131+A132)

ITf you did not get the answer for Kﬁ,

A go to page 33.
If you got it, go to page 35.
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1 33
; . Perhaps you got AlBl +'A232 for the real part of AB. If so, you forgot that

5 = -1. Vriting out the work in detail,

— . . _ 2 . .
AB = (Al+JA2)(Bl+JB2) =AB + ] A B, + JAB) + JA, B,

AB - AB, + J(AeBl + AlBe)

As another check, do the case

Felat @S NE STRATES AN AR ‘.'_Jm ww;wt-‘m E2d &
i

(e + ja)(e - jf) =

RAN TePvennAlabmd RURA T
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Ansver:
ce + df + j(de-cf)
If you don't get this, go back to the

other side, or seek help.

Then go to page 35.

1+j2 _ (1+j2)(2-33)

2+j3 ~ (2+j3)(2-33

_ 2+6+j(4-3)
- b9
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Now that you can multiply two numbers in literal form, let's continue the
sumuary by trying an example of division. The earlier numerical example is

repeated on the right of page 3k, for reference. Using the same principle, if

¢l\.=Al-i-,;|A2 ) B=Bl+JB2
whatisé?
B
A=
B

AL ALY

N
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1
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Answer:

X0 Ry e

Ay B, HA B +] (1&.213l -A, B, )
2 2

; B + B

AT EAGRR S
el

If you did not get this, go to page 37.

If you got it, go to page 39.
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The most probable errors are in signs, or perhaps the denominator still has

a jin it. Let'’s work it out in detail.

A +iA, ) (Al+jA2)(Bl~jBe) ) A\B, +AB, + j(A2Bl-AlB2)
B,+JBy (B +jB,)(B)-3B,) ~ B° + iBgA - 388 + B°
% Now do
c+ad _
% e - Jf
and state what is the complex conjugate of e - jf.
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Answer:

ce - df + j(de+ef)

e2 + f2

conjugate of e-jf is e+jf.

If you had trouble with this, go back to the
other side, or seek help.

Then go to page 39.
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For furiher practice with the algebra of complex numbers, find the following,

clearly identifying the real and imaginary parts. Use the notation A= Al+jA2 and

B = Bl+JB2.
1) JA

2) A+ §B

3)

(A+jB)(A-JB)

T~

S A AT I A A S W S o
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+3jB =.A1—B2+J(A2+Bl)

Trgg FFENCTT

— T\t Dy . . 2 2 2 2
3) (A+jB)(A-3jB) = [Al—B2+J(A2+Bl)][A1+B2+J(A2-B2)] = A} -A, + B] - B, + J2(A1A2+B1B2)

If you did not get all of these, go to page 41.
If you did, go to page 43.
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41

If you missed (1) or (2), you forgot what we mean by the real and imaginary
parts. They must be real numbers.

In (3) you may have written

(A+35B)(R-3B) = AF + B°

This is correct as far as you have gone, but the real and imaginary parts have

] o =2 =
4 not been identified, because A~ and B~ are complex. What are they?
-2
A.' A =
=2
4 B =
A
i ; A
4 / 74
4 E
’ 3
// '
b
;
I
A
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Answer:

=5

\2

= (A ol

l+jA

2 2 .
= Al -A2+32A1A2

vy)
il

2
(B, +3B,)

2 2
= B]-B+J2B B,

D =D 2 2, .2 .2
Theref + = - - i
efore, A°+B 1 ASB] B2+J2(A1A2+B1B2)

as shown on page 40.

Go to page 43.

Roavlis
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As one more exercise, this time on division. If A and B are the same as

before, and C=cC, + 302, what is

1
__‘6_. = .?
A+3B

SSHEARMAIE D B g SN
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Answer:

Cl(Al+Bl)+02(A2+B2)+j{02(A1+B1 )-C, (A+B,)]

2 2
(A1+Bl) + (A2+B2)

If you did not get this, go to page L5.
If you did, go to page 47.
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A common error on this problem is to think K—jﬁ is the complex conjugate
of .7-\-+j-1§, leading to an inccrrect result.
1 What is the complex conjugate of !—&+j§?
' (A+jB)" = ?
| :




AT AR

2
L

R iy

- 1
T NATE A AT

B

A

SRR

DAY

T A A NG DR R R G RS AR RN AR R

.

Ik bl
e

TS
Answer:

A, +B - J(A2 + 32)

The complex conjugate is obtained by changing the

sign on the imaginary part, which is not necessarily the

quantity multiplying j. It is this coefficient only if

the coefficient is real.

If you did not get this, go to page U47.
If you did, go to page L49.
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The special complex number

U=cos 6+ jsin B

where 8 is a real quantity, has particular significance.
If @ is regarded as a real variable, the derivative of U with respect to 6 1is

= -s8in @ + j cos 6

=]

By bringing out j as a factor, this can also be written as

-sin 6 + j cos 8 = j( )

RN

VAR it B

£
S SN

SRACRIL I b e A s

e
o

Lo R B

S
<.




SR
Lies.

e

i3t aza e 080

pY

HIA N TRy

Answver: For real numbers g and X,

] -sin@ + jcos@ d(cos@rjsing) 4, ax ax :
: =(e**) = a(e™) :
< = dx
= j(U)
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That is, a%(ﬁ) = jU
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é The derivative of this function is j

times the function itself.
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3 This result bears a strong resemblance to the property of the derivative
3 of a real exponential function, e2* » as shown in the REMINDER on page 0.
. For the function eae, since @ is real, state in words the characteristics
3 of its derivative with respect to 6:
]
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Y,

Answer:

SRIAX

Reminder

> | the derivative of eae with respect For real 9, and U = cos@+jsing,
to 6 is a times the function, or aeae. we had

i au .=

| ag = Y

and, for real a and 0,

3

1 9

4 af,

J! 'gige = a(eae)
1
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Our important results are summarized on the right of page 52. We see that so
far as differentiation is concerned, U (which is cos 6 + j sin @) has the same
properties as eae, if a is replaced by j. This leads us to think of the symbol
eje as a representation for U. But what does it mean to have a number (e) raised

to an imaginary power? Algebra provides no answer to this question. However,

what we have done is to define eJe as U. Thus, by definition

eJ9=cos9+jsin9

In accordance with this definition, evaluate the following:
jo _

in/3 _

Jm

j3n/2 _

e
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: Answer: Reminder
: 0 _ 1y 50 2% axo _ alxp+xp)

= .5+ j 315— for real numbers a, X1 and X5
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On the right of page 5% is shown the ™iaw of exponents™, whereby upon multi-

plication of twoc exponentials, the exponents add. It is important to know whether
eJe has this same property, so that it may be used in the usual way. To check this, 3
consider the two complex numbers 1

Je _

e = COS 61 + j sin Ql
Jj6o _ ..
e = COS 62 + j sin 92

If tne law of exponentials is obeyed, we will be able to prove that

(39)(e%) -
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Answver:

In other words,

(eI 3(e?%) -

(]

required to prove

cos{@ +0,) + isinlg
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The product required is
61 oJ02 _ (cos 6, + j sin @ )(cos €, + j sin g,)
' 1 1 2 2

= cos @, cos Qe - sin 6, sin 6, + j(sin @, cos 6, + cos 6, sin 62)

But, we have two trigonometric identities for the sine and cosine of the sum of

two angles:

cos(el + 92) =

sin(el + 62)

Therefore, you can simplify the above product to yield
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1 Answer:

3 cos(91+62) = coselccsee-snlels%n’62

Sptgtaty

dusA

i + = si 56 +c i
s:u.n(el 62) sing, cose, noselsme2

A ThuS 3

. eJeleJQQ = 008(91+92) + Sin(91+92) - ej(91+92)

and this is vhat we set out to prove!
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Since eJe =cos 6+ Jj sin @, it follows that

AeJe =A cos 6 + jA sin @

where A is a real number. The next question to be considered is, when given a

complex number

A= Al + JA2
whether it can also be written AeJe. This is possible if A and 6 can be found,
such that .
A cos 6 = and A sin 6 =
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W

¢ ﬂP?‘\‘fEWF“‘ Rt R L b A e MR T LA AR S DR ) A




PRSP TSI,

ki ke e

2 s PP UERSRIN IR ILY et Sy e

s,

60
Answer:
A cos 6 = Al
A sin @ = A2
Thus, if in A = Al+jA2, Al and.A2 are

given, solution of these equations for A

and @ will permit expressing the same

number in the form AeJe.

Reminder

The two equations on the left

give:
Aecos26 = A12
Aesinee = A 2
2
and A2
tane@ =.K-
1
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These equations are shown in an alternate form on the right of page 60.

Adding the first pair of equations gives

Ae(cosee + sinee) = Ai + Ag
. . 2 . 2
or, since cos~ 9 + sin @ = 1 we have
2 2 2 2 2
A- = Al + A2, or A = Al + A2

From the last of these equations, we can write
A2
@ = arctan —

!

AeJe is called the exponential form of a complex number. As numerical examples,

write the following in the exponential forms (example l-j=\/§ e-jh50)'
2+ j2 =
5- 33 =

B+ L =

Frmcw B e e s
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“2 21/5-e345
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51/2 eJ225
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4 2eJl5O

{ More precise notation would designate
> angles in radians. However, in numerical
cases there is no possibility of error in

writing angles in degrees.
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Let us summarize what we have done:

1) 1In order to obtain solutions for certain algebraic equations, the
imaginary unit j was invented.

2) Other equations lead to the necessity of inventing complex numbers. A
complex number is written (1) times real part + (j) times imaginary part,
or more briefly Al + jAe, where Al and.A2 are real numbers.

3) Addition and multiplication of complex numbers are defined as those

cds ot

results obtained from ordinary algebra, treating Al + jA2 as a binomial.

Division is defined as the inverse of multiplication.
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4) The conjugate of A = A, + jA, is written A =A, - A,

"

2 5) Any complex number A=A + jA2 can also be written in the exponential

. 1 3
form A = Ae"a, where :

~h2 . a2 _ . 4
A S\JAT + AJ and 6 = arcjca,n(A2/A.l)- K
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—p»~ Real axis
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A11l reference to a geometrical interpretation of a complex number was pur-
posely omitted, up to this point. However, in the notation A = AeJe = Al + ingQ,i

the fact that

Al = . and A2 =

is reminiscent of the diagram in Fig. 2, where Al and A2 are ploftéa‘ along per-
pendicular axes. They determine a point A, and this point in turn determines a
line of length A making an angle O with the horizontal. A is called the magnitude
of 1_1.-, and @ its grigl_g_. .T'hus, we may look upon A as a point in a plane, called the

cbmplex plane.
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Answer:

Al =A cos @

A, =A sin @6

i S A i g e e et b, e e i b e
g ey - Bmn A e e A e e e .

Figure 3.
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This geometrical portrayal yields convenient interpretctions for addition
and multiplication of complex numbers. Referring to Fig. 3,

g A+ 3B= (Al+Bl) + J(A2+B2)

This sum can be obtained by adding components. By putting arrowheads on the lines,

as in Fig. 3, you can get the idea that the sum A + B can be obtained graphically

X2 50 sl 24

by adding line A and B like )
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Answer:

vectors.

In other words, as in

Fig. b

Figure k.
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- Using the exponential forms, the product is

In other words, the product has a magnitude equal to

H R

and an angle equal to the .
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The product has a magnitude equal to the product 5B B
of the magnitudes of the numbers multiplied, and an / Ve
angle equal to the sum of the angles of the numbers

multiplied, as shown in Fig. 5. ALop —
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The notation Ae® for the exponential form is convenient because it is similar

to real exponentiasls and hence the ruies of algebra and calculus apply. However,
when the only purpose is to specify a complex number (say in the answer to a problem):

by giving its magnitude and angle, an alternate form
A =Afo (for example, A = 4/450)

is often used. This is called the polar form, because A and ¢ are the polar

coordinates of the point A in the complex plane.

Specify the following in polar coordinates:
20 + j4o =
-40 + j20
-40 - j20

vah ok fNEL Ly Cnd
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Answer: — B
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J(20)2:(40)2 = 205

arctan g—g = 63.5°

|

l

I

|

20+j40 = 20\/5 [/63.50 |
20\/5 [155.5° : 7S

|

|

I

|

|

: ~ =ho+jeo

i /1

3 -40-j20 = 20\/5 /-153.5° / \\\\

4 / N

1 / N

Check your own answers and make / \ _*

| any corrections nee@geda. =\  ,  ————=— N3 =Al-JA2

Figure 6.
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Figure 6 shows a geometrical interpretation of the complex conjugate as the
reflection of a point in the real axis.
Show points on the following axes to illustrate the complex conjugates of the
points indicated:
A=jA A=A
=¥ 2 o 2 L 8-
= A=
- - — — 3450
= - A=Ae
A Al JA2 A=
— =
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When defining the complex conjugate, we used the example (2+j§)(2—j§) =13
to show that multiplying a number by a conjugate yields a real number. Now we
: can see what that real number is. If A= AeJa, as in Fig. 7, then
ja _ 2

- — =¥ 3 -
: EA =2e9%pe™% =p

Thus, we have shown that the product of a complex number by its conjugate is
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Answer:
a real number which is the square
of the magnitude, of the complex
number.
Figure 8.
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: The conjugate can also be used to give the real and imaginary parts of the
complex number. Thus, if A = Al + ,jAe, then

* E+1 + JA, +A, -] 2A

; tA =A) F A, HA) - JAy =2

3 - =% . . .

:: A -A --Al+,JA2—Al+,JA2-2,JA2

3 The geometrical equivalents of these equations are shown in Fig. 8. Thus, in

4 — —%

terms of A and A ,

i Real part of A =

¢ Tmaginary part of A =
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Answer:

Real part = > =.Al

g
> |

Tmsg .nary part = 53 =.A2

Cu

Be sure you have the j in the denominator

of the second one. This was obtained by

AR = 23
— = J2

as shown in Fig. 8.

Coh NI 4



81

An important practical application of the last frame arises when A is expressed;
in the exponential form
A= AeJe =

Jé

Thus, in terms of Ae*” and its conjugate

A cos @ =
A sin @ =
3| /
o 8 - / .
7, /
,;::" /'
4 - ,/I
/
4 /
5.

AIVRE TR CSE TR RGER A R IRy
L e e ey




s

A a4

et

e S e e e e
» e x —— e e e =

2 Ary e

{01y

: 82

Answer:
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As an exercise with these formulas, write sin 2x in terms of exponentials

sin 2x =

1
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Answer:
sin 2x
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The numerator of the answer shown on page 8% is of the form
2 =,
A - B ) lf
A= and B =
' Thus, we can write
Jj2x -jex
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Answer: JX -JX . .

sin 2x = 2 sin X cos X

This «xample shows that complex numbers
provide very simple proofs for trigonometric

identities.
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Let*s try two other examples.

costx = ( )( ' ) =

COSXCOS}’=( /( )=

Using exponentials,

) + ( ) +
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A= HTIVMLLO p oy BTN B PG AT NTRRRIT A L —c e

Answer:
i 5 (eJX_*_e—JX)(eJX_*_e—Jxl eJQX+2eJO+e—32X
i COos X = ,-l- = 1+

1 . eJ2x . e-J2x
T2 N L

(3103 (3743 Jlxty)  J3lx-y)  mdxy)  miley)
COS X COS ¥ = A = L + I - n + 5
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Finally, these partial answers, which are summarized for you on page 90,

give the customary results

2
Cos X =

COS X COS ¥ =
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If you have done these three examples, you are getting accustomed to the
interchangeability of sin x and (e9*-e79%)/(23); and cos x and (e%*+e™9%)/2.

Now, using these same formulas, obtain formulas for the derivatives

a d
dx(cosax)— ax ( — ) = - B - -
exponential exponential trig. function

&le

( ) = s

dr .
Foct 12X )= . . . .
exponential exponential trig. function
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Answer:

Jjax, -jax . Jax .  -jax
d _ _de” " +e v _ Jae’ T -jae _ e o i
a;(cos ax) = e 5 ) = 5 =2 ~T53) = -a sin ax

(sin ax) = a eJax_e—Jax) _ jaeJaX+jae—JaX . jax
= & 23 = 23 = 2

4
dx

s CcOs ax
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When a complex number A= Al+jA2 is plotted in the complex plane, as in
Fig. 9, the length of the line from the origin to the point A is called the

absolute value of A. A convenient notation is to place a symbol between vertical

bars, to imply the absolute value. Thus, from Fig. 9,

15| =./A° + 88

1 T A (positive square root)

What are the absolute values of:

|2 + j2| =

|cos @ + j sin a| =

i imrmrst A b 5 T Y
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KA Ssmstigtal

Answver..

Jotse| Vi = 2V .

3 |cosa + jsina[ £\J€os2a+sin2a =1

SO INT P

AT,

Observe that absolute values are always positive, or,

S AR

preferably stated, non-negative (to include the possibility

: " of zero).
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The second of the previous examples, namely
|cos @ + j sina| =1

is a reminder that for any resl number o, the complex number eJa has the absolute

value

jo
e =

And, if A is a positive real _humber, the abgve is a special case of

269
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and B = BeJB » with A and B greater than zero, then
iB = aped(@+B)
and so the absolute value of the product AB is
Al = | || |
or, in words, the absolute value of a product of two complex numbers is

the of the of the numbers.
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1 Ansver:

|4B] = |&] [B]

The absolute value of the product of two complex numbers

is the product of the absolute values of the numbers.
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By an induction proof, a similar statement may be made for the product of any q
: 1
: number of complex numbers. ’
To make sure you are familiar with the idea of absolute values, find \
% |2+33] = |
|3-3] =
| . |
and also find :
: | (1+5)(2+33)(3+3)] =
: 3
/{ //,‘ (
3
/
/
a °
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Answer:

145] V2

|2+33] =\13

3-3] =V10

| (1+3)(2453)(3+3)] =\[260

Observe that this can be done in two ways. One
way is to multiply all three of the complex numbers
together, and then find the absolute value. The
second way is to use the result of the last page to
get absolute value as the product of the absolute
values of each complex number. Carry out whichever

one of these you did not do.
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R MYATT (0

) Let's consider what can be said of the absolute value of the sum of two complex 3
numbers. This can be done by reference to Fig. 10; recalling that absolute values

are the lengths of lines, as labeled. Two cases are shown. For (a), we see that

MYERESL o

| + B| < |a] + |B]

: and for (b)
A+ 3| = [a] + |B]

- Both of these are included in the single statement

A+ 3] ___ |a] + [B]
3 9

Tt can also be said that | + B| = |K| + |B| whenever the angles of [A| and | B]

are .
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Answer:

A

|A +3B| = |&] + |3
|A + B = |&] + |B| whenever the angles of
A and B are the same.
If you answered zero for this, you were thinking
about Fig. 10b. But the statement is still true for

the case shown below:

}’ 1 ﬁ,\-’B
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For the following cases, determine whether the absolute value of the sum is

equal to, or less than, the sum of the absolute values:

[(1+5) + 2ej"/”l o |1s) + leej“ﬂ*l

?
J(1-3) + 2ej“/l*| IR bR |2+ej"/4|
?
- /"’ ! )
/
' /
/
/
{
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Answer:
1(143) + (2e37%)] = 1492 + 314V2)| = VBN E =\V2 + 2
il+j| + |2ej“/h| =\/2 + 2: These are equal. Observe that 1+]
and 2e‘jﬂ/)+ both have angles of 450

|l-j+2ejﬂ/’+l |1+ 2 +3(-1+7/2)] -\/(1+ 224(1- (2)2 ok /&

|1-3| + [2e‘m/)+ | =f2 + 2: This is greater than /6.
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Now we shall go on to another topic; finding roots (square root, etec.) of

complex numbers. The exponential form is convenient for this. We already know
thattj = y-1, but let us use the exponential form to writey/-l. First, in

exponential form we have

or

-1 = eJ( +2x) (since an angle is not changed if
2x is added.)
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Let the desired square root be written AeY%.  Then

(Aeja)2 JdT

or
(aed%)2 o (I3

These yield the result

A2 =

oa = or

Thus, the square root of -1 becomes, in exponential form

or

109
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Answer:

A° =

20 =
LJn/2

Observe that we have used A = 1 (not A = -1).

agreement with customary practice of using positive numbers

1

T Or 3x;

-

for magnitudes. The number eJBjt 2 is equivalent to e—Jn/e.

or

LI3n/2

This is in
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These two results ( V—l = eJﬂ/ 2 or e-‘]“/ E’) are equivalent (using Euler's
identity) to
eJﬂ/Q =cos( )+ Jsin( )=
e-—jn/E’ =cos( )+ jsin( )=
1
] ‘
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Answer:
2 L cos T+ jsinTe0+ =]
2 2
e-‘]’r/2 cos(-g) +J sin(-g) =0 -J=-]

This, of course, is what we expected. The
importance of this example was to show how use of the

exponential form yields a known result.
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] By Y
With this example, the general case of "B, where B = BeJB can be handled.

: Thus, if 3

AeJa - BeJB

we have

e

w = g + 23‘( ) + J‘l’ﬂo
» Thus, in terms of B and B,

3 p=

or ~ 1edl )

or : )
i3 = ( )e‘J
I3 :
‘,,w b ? i e —~ o




i
e
; .
{I
é
114
wer: AD = 1; = +2m, B4
Answer: A” =13 3x = B, p+2xn, Btix
or . I
_ X5 J(ptan)/n
or .
- 5 I(pHha)/n
Higher order roots are treated in a similar way.
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As

exercises, find

A [e+j2 =

exponential

rectangular

exponential

rectangular

P, cm re et s e
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Four
> separste
answers
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Answer:

j3n/4 1
= = —= (-1+3)
V2 o
12 7L R
Yz
_ I/t _ 1

Ve+s2 = 2*¢§é3“/8 = 22 cos22.5° + j2/2 sinz2.5°

\e+i2 = 2\/5&39“/8 = 2\/2 cos202.5° + j2\[2 sin202.5°

Thguvalues

of V-1 are
located as
shown in this

figure.

2V2 (.927)+32V2( . 382)

2.62 + j1.08

5 = -2.62 -31.08
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As a check that —l—(l+j) and.3%=(»l+j) are two of the four values of \ -1,
2

in rectangular form, co%pute

[ —2=(1+5)]* =

Ve

[ 21" =
‘\/5( J

and




PR TNIIRENE T

118

Answer:
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Observe that \

%/-l, we have

1 also involves complex numbers.
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Treating it as we did
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= 1+30
= O+j
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LJn/2
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Answer

iy 52t EHAIA B

in

ed as shown i

The values lof 4\/1 are
at

loc

= -1+J0
0-3

3u/2  _

J
od

this figure.
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4 lpr_.
The two examples ‘\/-—l and V1 illustrate a general result for the nth

root of a number. The absolute values of all the roots are .

SOUR IR A Tk e Sl

In the complex plan they therefore fall on s ‘ .

They are sepavated by angles.
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Z Answer:
: AlSWer

OV I A

absolute values are equal

VN

they fall on a circle

they are separated by equal angles
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This completes our elementary treatment of the algebra of complex numbers.

3 Let's see whether you can now do some sample problems.

: Given, A =3+ jb, B=6 - j2

3 Find:

A
: B
A
4 B
A
d =%
K B
: rg_

—%

B
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Answer:
A 33k (B4 )(6+52) _ 18-8+j(2k+6) .
3 6-i2 = 36+k = L0 = 25315
KI Vo+16 5 5 \/ 2 2
== = = = .79 ; or\/(.25)%+(.75)% =V.625 = .79
Bl Vzgek \Vho 6.33
A 33k (3+34)(6-32) _ 18+8+j(2k-6) _ .
B =6z T %tk T ko =65+ 3.45
A

us]

*} "'W/(’65)2+('h5)2 -\[625 = .79

- — %
Note that if |A/B| is known, additional calculation of |A/B'| is not

- —%
needed, because the absolute values of B and B are the same.
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If a complex number A with absolute value A and angle o is squared, the

absolute value and angle of the square will be

absolute value =

angle =

The sum of this number and its conjugate will be (in

terms of A and a).
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Answer:
For square: absolute value = A2

angle = 20

— —%
The sum of A and A is 2AcosC.

PERUT AR AN a3y

This last answer is twice the real part of A.
If you forgot this, recall that
A = A cosq + JA sing

—%
A = A cosx - JA sinx
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Ja

Given the complex number A = Ae , which, if any, of the following are true?

Answer (true or false)

a) |A+A|<on

b) |&-E]<2a

¢c) |A+A| =ik -2

A

-
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Answer:

(a) and (b) are true. [K +.K*l= 2A|cosa|< 24

- -
[& - & |= 2a|sino|< 2a

However, since cosa in general does not equal sin a, (c)
is false.

e e e ey e




If A and B are two complex numbers, which of the following, if any, are true:

1)
2)
3)

k)

Answer (true or false)

|a] |B] > |a3]

E+3] < |2 | + |3
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Answer:

(1) and (3) are false: an equality sign applies
to these.

(2) is true: +to see this, observe that ]K*l = [K| and |§| = |§*|
since conjugates have the same absolute values. But, |K4§*| < |a] + !ﬁ*l.
Thus, |A+B | < LK*{ + |B].

(4) is true because EB = (Kﬁ*)*, and conjugates have equal

absolute values.




